In this paper, we study the existence of multiple solutions for a class of quasilinear Schrödinger equations.
Introduction
In this paper, I consider the following quasilinear Schrödinger equations
where V : R N → R is a given potential, N ≥ 3, f (x, u) is a real function and γ is a constant. Problem (1.1) arises in applications from mathematical physics, such as in quantum electrodynamics, to describe the interaction of a charged particle with the electromagnetic field. For more details in physical aspects, we refer to [1, 4] .
In the past decade, there have been vast literatures on the study of existence of solutions of (1.1) for γ = 0 . For γ < 0, up to our knowledge, the first existence results are due to [2] . The main existence results are obtained through a constrained minimization argument. By making an unknown change of variables, Liu et al. [3] reduced this quasilinear problem to a semilinear one, and proved the existence of positive solutions via the Mountain pass theorem. By making a known change of variables in [10] , Shen and Wang studied the existence of nontrivial solutions for generalized quasilinear Schrödinger equations. We refer to [9] for more results.
Although considerable research on the existence of nontrivial solutions has been devoted to the case γ < 0, rather less attention has been paid to the case γ > 0. In [10] , by applying variational methods combined with perturbation arguments, Alves et al. proved the existence of a positive solution of (2) . Recently, using the same methods, Wang and Li ( [8] ) studied (2) with a particular nonlinearity. As far as we know, there are no results on the multiple solutions for (1.1) with γ > 0. The main purpose of the present paper is to study this problem.
Hereafter, we assume that V (x) satisfies the following conditions:
, and there exists a constant r > 0, such that
where B r (y) denote the ball of radius r about y.
The nonlinearity f (x, t) satisfies:
We have the following main result.
We shall use the Sobolev space E with the norm
We denote L p (R N ) be the Lebesgue space with the usual norm | · | p .
Reformulation of the problem
Note that (2) is the Euler-Lagrange equation associated to the natural energy functional
From the variational point of view, the first difficulty that we have to deal with is to find some proper Sobolev space since (3) is not well defined in H 1 (R N ) for N ≥ 3 and γ = 0. The second difficulty is to guarantee the positiveness of the principal part, i.e., 1 − γu 2 > 0. In order to overcome these difficulties, we first establish a nontrivial solution for a modified quasilinear Schrödinger equation. More precisely, we consider the existence of nontrivial solutions for the following quasilinear Schrödinger equation
where
Setting g(t) = g(−t) for all t ≤ 0, it follows that g ∈ C 1 R,
is an even function, which increases in (−∞, 0) and decreases in [0, +∞).
our goal is to prove the existence of a nontrivial solution u of (4) satisfying sup
. Now, we note that (4) is the Euler-Lagrange equation associated to the natural energy functional
In what follows, we set
and we observe that inverse function G −1 (t) exists and it is an odd function. Moreover, it is very important to observe that G,
We observe that functional I can be written in the following functional
for all v, ψ ∈ H 1 (R N ). Therefore, in order to find infinitely many large solution of ( 1.5 ), it suffices to study the existence of infinitely many large solution of the following equation
3 Proof of Theorem 1.1
To prove our main result, we need the following Fountain theorem.
Lemma 3.1 (Fountain theorem). Let E be a Hilbert space, ({e j } : j ∈ N ) an orthogonal sequence, and set
Consider a invariant functional J : E → R which satisfies the following hypotheses:
The palais-smale condition holds above 0, i.e., any sequence {u m } ⊂ E which satisfies J(u m ) → c > 0 and J (u m ) → 0 contains a convergent subsequence.
Then J possesses an unbounded sequence of critical values c k . In fact, for each k ≥ 1 with b k > 0, there exists a critical value c k ≥ b k . It can be characterized as
where B k := {u ∈ Y k : u ≤ ρ k } with ρ k large enough so that J(u) < 0 for every u ∈ Y k , u ≥ ρ k and
Now, we begin to prove Theorem 1.1. Since G −1 (t) is odd and f (x, t) is even, (J 0 ) is obvious. We continue with the proof of (J 2 ).
From (f 1 ) and (f 3 ), there exist positive constants C 1 and C 2 such that
For v ∈ Y k , by (3.1), we have
Since Y k is finite-dimensional and all norms are equivalent on Y k . Since, for µ > 2, we have J(u) → −∞ as u → +∞, which implies (J 1 ). We now prove (J 2 ). By (f 1 ) and (f 2 ), we have
Thus, we get
Now, by [9] , for any s ∈ [2, 2 * ), we have
, then we get
Combining (11) and (12), we get
We take r k = (8Cβ
It remains to prove (J 3 ). Since {v m } ⊂ E satisfies
and
Since
which yields the boundedness of {v m }. Thus, we may assume that there exist
On the other hand,
By the theorem of mean ,we get
, 1 , from (19), we get
Because
Combining (3.10),(3.12)and (3.13), we have 
Proof. Using the hypothesis that v γ is a critical point of J γ , we have
We consider the following functional
where A and B are some proper constants such that
In fact, by (f 3 ), there exist positive constants a and B such that
Thus, we have
The result follows from Lemma 2.1- (3) and by letting A = a µ−2 . It is easy to check that J satisfies (J 0 )-(J 3 ), thus, J possesses an unbounded sequence of critical values c k . Moreover, we get c γ,k ≤ c k . So, we get
Proposition 4.1. There exists a constant C 0 > 0 independent of γ, such that
Proof. In what follows, we denote v γ by v. For each m ∈ N and β > 1, let
Using v m as a test function in (7), we deduce that
By (24),
Let
Hence,
Then, from (25) and (26),we have
Combining (24), (25) and (4.6), since β > 1, we have
By (f 2 ), there exist positive constants d 1 and d 2 such that
On the other hand, by (f 1 ), there exists positive constant d 3 such that we get
Besides, we get
|f (x, G −1 (v))|d Thus, by (28) and Lemma 2.1-(3), we have
Now, follow the proof of Proposition 3.1 in [10] , we get the result. , it follows that
From this, u γ = G −1 (v γ ) is a classical solution of (1.1).
